Here we explore some fundamental aspects of what may be termed as a new arithmetic function (defined notionally as the T function) together with its possible inverse (T -1 ), as it is not in frequent discussion among the number theorists.
Introduction


Arithmetic functions appear and are employed in studies on the properties of numbers. However, the theory of arithmetic functions is also of independent interest. The laws governing the variations of arithmetic functions cannot usually be described by simple formulas, and the asymptotic behaviour in terms of numerical functions is determined. Since many arithmetic functions are not monotone , the study of their average values is of great importance. An important class of arithmetic functions is constituted by the multiplicative arithmetic functions and the additive arithmetic functions. The most commonly occurring arithmetic functions have traditional symbolic notations [3] : (n) is the Euler function; d(n) or τ(n) is the number of divisors; μ(n) is the Möbius function; Λ(n) is the Mangoldt function; σ(n) is the sum of divisors of the number n. Arithmetic functions also include the integral part of a number, [x] , and the fractional part of a number, {x}.
We now introduce our new arithmetic function T(n) and highlight some routine-type characteristics of the said function. T is defined for any natural n with respect to its decimal representation that appears as the product of the successor integers appearing in the corresponding presentation. In this context we mention another paper by R. Kumarmuthamulai [2] related to a new arithmetic function.
In this fundamental paper we'll present some restricted formulations of the function with some theoretical vigour and discuss the aspects specifically so as to cover some sort of elaboration such as for what values of the number n, T(n)=n, T(n)=n+1, T(n)=n-1, T(n)=n-20, T(n)=n-2, T(n)=7n/8, and in general T(n)=kn, with kQ + . Also we attempt to answer some finite series sum of such functional values like T(0)+T(1)+..+T(10 k -1) leading to a hint for more generalization of the type. We also discuss about the possible domain of the inverse of such a function with the help of the convolution operation etc.
Moreover we justifiably see the existence of another new notion, the so called prime-base number systems. Here the domain would be the set integers in different prime-number bases and co-domain is that of usual decimal presentation, such a function would give some interesting computer biased information in respect of such presentations. Finally we analyze the possibility of digital generalized additive property of such a function together with its possible maximum limit.
Preiliminaries
Let the positive integer N = 0 1 2 2 1 ... a a a a a a n n n   , where a i are digits like 0,1,..,9.
Thus N = a n 10 n +a n-1 10 n-1 +….+a 2 10 2 +a 1 10+a 0 where 0a i 9 and a n 0. We agree to write such a number in the form 
Definition
We define the function T:N→N so that, T(N)=(a n +1)(a n- 1 +1 
We define; T -1 (X) = the smallest N for which T (N)
=X. Then we search for viz., T -1 (54) and T -1 (720), say.
For the purpose, searching for a two digit solution, we get two factors of 54 where one factor is as small as possible (of course, no factor may be greater than 10). This leads to 6, 9; hence the answer is 58. Next we search for three factors of 720, each number not greater than 10, with one as small as possible. Clearly this factor must be greater than 7, so we use 8,9,10. This leads to the answer 789. T(789)=8×9×10=720.
An arithmetic function f satisfies digital
... a a a a a a n n n   )=f(a n ) f(a n-1 )… f(a 0 ).
An arithmetic function f satisfies digital additive
)=f(a n )+ f(a n-1 )+… +f(a 0 ) .
An arithmetic function f satisfies digital k-additive
Note: If for n∈ N , f is digital 1-additive, then for n it is digital additive.
Cryptographic Aspects
Cryptography is the study of methods of sending messages in disguised form so that only the intended recipients can remove the disguise and read the message [1] . The message we want to send is called the plaintext and the disguised message is called the ciphertext.
An enciphering transformation is a function that takes any plaintext message unit and gives us a ciphertext message unit. In other words, it is a map f from the set P of all possible plaintext message units to the set C of all possible ciphertext message units. We shall always assume that f is a 1-to-1 correspondence. That is, given a ciphertext message unit, there is one and only one plaintext message unit for which it is the encryption. The deciphering transformation is the map f -1 which goes back and recovers the plaintext from the ciphertext. We can represent the situation schematically by the diagram So far the English alphabet with modulo 26 is concerned; we may analyze some cryptographic matter of the function T as discussed below.
T
And 789 is the least, so One may think about the above mentioned type of cryptographic deliberation. An arithmetic function T discussed above with its inverse possibility as mentioned definitely leads one to a fertile involvement in the field of cryptography.
For another question that may one ask for is: For what positive integer X does T -1 (X) not exist?
Clearly, T -1 (1) does not exist. For X>1, T -1 (X) will exist so long as X can be expressed as a product of factors, none of which is greater than 10. If X has any prime factor greater than 7, this factorization cannot be done. Thus the answer to the question is 1, and any positive integer having a prime divisor greater than 7. Again we note that in above with (*) marks the cases are not so. And it would be an algorithmic exercise to be dealt with by a cryptographer. One may hope for so many algorithms to solve such a problem.
Some Restricted Views
We present four restricted cases of T making an upper bound of the number N in consideration as follows.
We first take the case N <300 with T (N)=N+1, it obviously works for one digit numbers vz. 
Main Results
Some restricted formulation
The following are some interesting restricted formulation of T. 
: T(10A+B)=[T(A)
]
Proof:
The proof would by induction on the number of digits f the number.
The result is true for all single digit numbers. 
Assume it holds for all k digit numbers (k1)
.
=[1+T(1).1+T(2).1+…+T(9).1}+[2+T(1).2+T(2).2+… .+T(9).2]+….+[10+T(1).10+T(2).10+…+T(9)
T function and Pascal Triangle
Thus the function T has many fascinating properties, including the fact that when N is written in base p (a prime) and T (N) is suitably defined, then T (N) is the number of terms in the Nth row of Pascal's triangle which are not divisible by p. 
Note:
We note that the function T is digital multiplicative in the sense : (3)T(4).
Digital Additive Property of T
Now we investigate some interesting properties such as the corresponding so called digital additive property in some details leading to some interesting characteristics of T.
The following types of examples direct us for such an investigation.
We first note here the following 2.2=1(2+2), 3.6=2(3+6),4.4=2(4+4), 6.3=2(6+3), 6.6=3(6+6), 8.8=4(8+8), 10.10= 5(10+10) etc.
We are interested to find for which n∈ N such that
now we take k=1,the ( * ) gives, mn=1 and therefore, m=n=1 ∴ the number is 11 m>1, gives no solution as mn=1. give n =-ve,16=0,n=19,n=11,3n=25, m=7⇒ 4n=28 ⇒ n= 7 ∴ the number is 77 m=8,9 give n=5n=31, 6n=34 not possible. 
Proof:
Here, k>5, then mn= m(k-1)+n(k-1)+(2k-1) gives mn > 4m+4n+9, or mn-9 > 4m+4n, -9 > 4m-mn+4n =m(4-n)+4n -9 > m(4-n)+4n, m=1,2,3,4 no,5
Now, m=1,2,3 ⇒n<0, m=4⇒ 25<0, m=5,6,7,8,9⇒
n>9.
Thus for k>5 the chosen equation has no solution.
Conclusion
As already mentioned that this paper is on a rarely used arithmetic function that seems to contains much potential so far many aspects of number theory is concerned such, binomial distribution , cryptographic information with possible admissible properly suited inverse, on the structure of the naturals depending upon the its digital presentation with various bases .
